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On the Frontal Speeds of Internal Gravity Surges
on Sloping Boundaries
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An expression for the slope dependence of the frontal velocity of an internal gravity surge in deep
water is derived from the momentum equations for two-dimensional, inviscid, steady flow. The effects
of bottom friction are incorporated by assuming a universal shape for the head of the surge. The
resulting expression is consistent with the slope dependence indicated by existing experimental results
for small slopes (<5°-15°). The absolute velocity is not predicted by the theory, however, because an
indeterminate parameter appears in the result. Furthermore, the experimental data indicate variations
in the dependence of nose velocity on slope which depend upon the parameters of the flow itself. It is
also shown that the entrainment constant may be estimated from experimental data at large slopes.

INTRODUCTION

The theory of internal gravity surges finds application in
many geophysical phenomena, among which turbidity cur-
rent surges and powder avalanches are important cases.
Avalanches are initiated on slopes as steep as 40° and
typically come to rest on slopes of 5° or more [s¢e, for
example, Buser and Frutiger, 1980]. The slopes on which
turbidity current surges are initiated are less well known. If,
however, one accepts the large body of evidence which
indicates that submarine canyons and submarine fan valleys
were formed by turbidity currents, and that these events are
the cause of submarine cable breaks [Heezen, 1963], and the
remote acoustic observations of a channelized turbidity
surge [Hay et al., 1982], then the typical slopes along the
path of a turbidity current surge should range from a few
degrees to much less than a degree. The different slopes to
be expected for the two phenomena are consistent with the
sources and mechanisms responsible for the formation of the
unstable deposits from which the events arise. Heavy snow-
falls occur at high elevation on steep mountain slopes.
Heavy sedimentation occurs on river deltas (and occurred in
the geologic past at the edges of continental shelves) of
modest or small slopes. The magnitude of the bottom slope
represents' an interesting dynamical difference between the
two phenomena.

There are two classes of internal gravity surge on a sloping
bottom: (1) the inclined starting plume (a surge followed by
continuous flow), and (2) the inclined thermal (a finite length
surge generated by a discontinuous source). Recent work by
Hopfinger and Tochon-Danguy [1977] and Beghin et al.,
[1981] on inclined thermals, and by Britter and Linden [1980]
on inclined starting plumes, has resulted in experimentally
verified expressions for the frontal velocities of these flows
for bottom slopes from 5° to 90°. The effects of bottom
friction were shown to be unimportant for these slopes, the
important balance being between the momentum or energy
lost in entraining ambient fluid and that gained from the
component of the gravitational acceleration parallel to the
bed. Data for surges on more gradual slopes did not satisfy
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the theory because of the increasing importance of viscous
effects with decreasing slope. The purpose of this article is to
show that an expression consistent with available experi-
mental data for small slopes may be obtained relatively
simply by extending the theory of Benjamin [1968], including
bottom friction, to the case of an inclined bottom in an
ambient fluid of infinite depth. It is assumed that no mixing
occurs between the two fluids. Although the emphasis is ori
starting plumes, the theory is also to some extent applicable
to inclined thermals. An earlier version of this work was
presented in Hay [1981].

I have not attempted to present a detailed review of the
literature in this introduction. The reader is referred to the
recent article by Simpson [1982] for a complete and current
review.

THEORY

The two-dimensional, inviscid theory of internal gravity
surges on a horizontal bottom and followed by a continuous
steady flow of uniform density has been presented by
Benjamin [1968]. The result for the frontal velocity u, of a
surge with maximum head thickness H, is given by

ug = (g'Ho)'"? 14))]

provided that the thickness of the continuous flow following
the head is equal to Hy?2 as indicated in flume experiments
[e.g., Middleton, 1966]. The parameter g’ is Ap g/py, where g
is the acceleration due to gravity, Ap the excess density of
the surge, and py the density of the ambient fluid (Figure 1a).
An identical result was obtained earlier by von Kdrmdn
[1940], but as Benjamin [1968] observed, by the incorrect
application of Bernoulli’s theorem to the interface between
the surge and the ambient fluid.

Because the shear stress at the bed is nonzero, the fluid in
the surge immediately next to the bed is retarded and an
overhang or ‘nose’ is produced (Figure 1). Benjamin [1968,
p. 243] incorporated this frictional effect by showing that (1)
could be rewritten in terms of a coefficient Cy,

Co = ug/(g'Hp)"? ¥)]

where the numerical value of Cy depends upon the height of
the nose above the bottom. The details of this approach are
given below. Furthermore, if the nondimensional shape of
the head of a gravity surge were universal, as indicated by
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Fig. 1. Schematic diagram of a gravity surge (a) on a horizontal

bottom and (b) on a sloping bottom. Except for the velocity profile
at x3, which represents the following flow, and for which the
velocities are relative to the bed, velocities and coordinates are
relative to the nose. In the rotated coordinate system (Figure 1b), H,
Hy, h, and & are defined as in Figure la, and the free surface (not
shown) is inclined at an angle 8 to the bottom.

experiment at the time [e.g., Middlefon, 1966], then C,
would have a value of 0.77. This is very close to the average
value of 0.75 obtained by Keulegan [1957, 1958] and Middle-
ton [1966] from their experimental results for saline gravity
surges. Middleton [1966] made experiments at slopes from 0°
to 2.3°, and althiough some dependence of #, on bottom slope
was noted, this dependence was small and has led to the
suggestion that C, is essentially constant for turbidity cur-
rents [e.g., Komar, 1977].

Benjamin [1968] derived equation (1) for a horizontal bed
in a frame of reference moving with the nose. In the absence
of mixing between the two fluids, the pressure is taken to be
constant at the level of the nose (z = & Hy, Figure 1a) within
the denser layer. Equation (1) is obtained by invoking
Bernoulli’s theorem to obtain the pressure in the external
flow at the nose stagnation point, and assuming the pressure
to be hydrostatic at sufficiently large distances both up-
stream and downstream of the nose and head region. It is the
difference between these hydrostatic pressures which drives
the flow and which is balanced by the stress between the
fluids associated with the breaking head wave. Friction at
the bed is included implicitly since & # 0. Since the pressure
must be continuous across the nose, equation (2) is obtained
where

Co=(1-29" 3

provided that the thickness H of the continuous flow follow-
ing the head is half the head thickness H, (see Figure 1a), as
indicated by the flume experiments. These experiments also
suggested a universal nondimensional profile of a gravity
surge head, with 8 approximately equal to 0.2, giving Cy =
0.77 from equation (3). The universality of head shape is
discussed further below.

This theory can be extended to a sloping bottom. Refer-
ring to Figure 1b and assuming nonlinear, inviscid two-
dimensional flow, the downslope force pyg sin B8 in the
ambient fluid is balanced by the pressure gradient due to the
free surface slope in the rotated coordinate system. The
pressure difference between x; and xg is

P1 — Po = polo’/2 )

from the integral with respect to x of the conservation
equation for the component of momentum parallel to the
bed. The points x; and x, are assumed to be sufficiently far
upstream and downstream of the nose that accelerations
perpendicular to the bed vanish and the pressure is hydro-
static. The pressure difference between these points is then

p3 — po = Apgh cos B &)
where
h =H - SHO (6)

assuming that the flow speed differs very little from u, at a
sufficient height above the head between x, and x;. This
limits the argument to cases where the head thickness Hy is
much less than the water depth. Unlike the case of a
horizontal bottom, there is now a pressure gradient parallel
to the bottom within the denser layer, which in the absence
of motion in the denser layer is given by the component of
gravity acting parallel to the slope on the excess density,

P2 — p3 = Apg sin Blxz — x4 (Ta)
Equation (7a) has the more general form
1 ’ 2
pP2—p3= Ep(u — ug)
. 1 X3 a
+ Apgsin B lx — x3| —— — T dx (7b)
P 02

where p’ is the density of the lower layer and « and 7, are the
speed of the following flow and the shear stress at the level
of the nose stagnation point. Britter and Linden [1980] took
u # uy and assumed that the second term in (7b), which
represents the work done by the component of the gravita-
tional acceleration parallel to the bed, was exactly balanced
by energy losses due to friction and entrainment, represent-
ed by the last term in (7b). In the present case it is assumed
that the two fluids do not mix and therefore that ¥ = u. In
the present reference frame the following flow is motionless
and the third term in (7b) vanishes.

Since the pressure must be continuous across the nose,
D1 = p2 and equations (4)—~(7) reduce to

ug®> = 2g'[h cos B + |x; — x3| sin Bl ®)
If it is assumed that Hy = 2 H, then using (3) and (6) this
further simplifies to
e = x|

uy? = g’Ho[C02 cos B+ 2
o

sin B] )
For small slopes this becomes

u = Vet [coz N /3] (10)
H,

Note that it is Coy which implicitly incorporates the effects of

the bed shear stress. .

CoMPARISON WITH EXPERIMENT

Equation (10) conforms reasonably to the slope depen-
dence of uy/(g’ H)'? obtained in flume experiments, as indi-
cated in Figures 2 and 3. The data in Figure 2 have been
taken from Middleton [1966, Table 1I]. Also shown in the
figure are the best-fit straight lines obtained by Shwartz et al.
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[1973] for saline and turbidity thermals. The data in Figure 3
were obtained graphically from Figures 3 and 4 in Britter and
Linden [1980].

Middleton’s [1966] data indicate a decrease in the slope
dependence of (uy/g'Hp)'? with increasing discharge in the
following flow, which suggests that the ratio |x, — x;|/Hj also
decreases with increasing discharge. The length |x; — x3] is
the distance from the nose to the point in the denser layer at
which the pressure becomes hydrostatic. These data suggest
that this distance, nondimensionalized with the maximum
head thickness, decreases with increasing discharge. In the
context of the present theoretical development there seems
to be no obvious way to determine this length scale.

The results of Shwartz et al. [1973] for saline and turbidity
thermals are also in reasonable agreement with the form of
the slope dependence given by (10). Furthermore, if Co* =
0.5 as indicated by both sets of results for zero slope, and
|x2 — x3| is simply taken as the length of the thermal (about
2H, in these experiments), then (9) reduces to

uo = (g'Hy2)"?[1 + 4 sin B] an

This is to be compared with the empirical result of Shwarsz
et al. [1973], ‘

uo = (g'Ho/2)"?[1 + 1.6 sin Bl

indicating that |x, — x| is actually shorter than the length of
the thermal. Experiments with slugs of different volume,
which might have shown a change in the slope dependence
of ug similar to that with discharge in Middleton’s work,
were not conducted. Shwartz et al. [1978] also present a
theoretical result similar to (10). No details of the theory
were given.

Britter and Linden [1980] found that the nondimensional
frontal velocities of inclined starting plumes increased to a
maximum at slopes of 20°-30° and then decreased continu-
ously on higher slopes. The values for u, at small slopes (0°-
10°) taken from their Figures 3 and 4 are plotted against sin 8
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Fig. 2. Plots of nondimensional frontal velocity versus bottom
slope using Middleton’s [1966] results. Those of Shwariz et al.
[1973] are shown by solid lines; (a) saline’thermals; (b) turbidity
thermals.
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Fig. 3. Frontal speed versus sin 8 from the experimental results

of Britter and Linden [1980]. The solid circles are those points for a
buoyancy flux/unit width of 41 cm® s~3; the open circles represent a
flux/unit width of about 200 cm® s=3. The actual values of g'oQ for
each point are indicated on the graph.

in Figure 3 of this paper. These data are also consistent with
the form of equation (10), although there are not a large
number of points. A dependence of uy on discharge and/or
buoyancy flux is also indicated. Values of Ap and H, were
not given.

DISCUSSION

Because it is assumed that no mixing of the two fluids
occurs, and that shear stress at the interface is negligible, the
following flow moves with the same speed as the nose. In a
frame of reference moving at the frontal velocity, the follow-
ing flow is therefore stationary and justifies keeping only the
sin B term in the expression for the down-slope pressure
difference at the level of the nose (equations (7a) and (7h)).
Friction at the bed causes the overhanging nose, and the
effect of the bed shear stress is incorporated into the inviscid
theory as the ratio 8 of nose height to head thickness H of the
following flow as a constant fraction, taken here to be 0.5, of
the head thickness. The same assumptions were made by
Benjamin [1968] for surges on a horizontal bottom.

Implicit in the assumptions above concerning the geome-
try of the head is that the nondimensional profile of the head
be universal in shape over the range of slopes considered.
Middleton’s [1966] experiments indicated that the nondimen-
sional profile remained unchanged for slopes ranging from 0°
to 3.4°. Simpson [1972], on the other hand, obtained the
empirical relationship

8 = 0.61 Re %% (13)

where Re is the Reynold’s number for surges on a horizontal
bed. The dependence of & on frontal speed is quite weak. If
equation (13) should also prove to hold for small slopes, then
it could be used iteratively with equations (3) and (9) if
necessary.

It has been shown by Britter and Linden [1980] and Beghin
et al. [1981] that a universal nondimensional shape does not
exist for either inclined starting plumes or thermals over the
entire range of slopes. The ratio of head height to head length
decreases at large slopes as the slope increases. In the
present context this means that the ratio |x, — x3|/Hy in
equation (10) must be slope dependent for large slopes.

Equations (9) and (10) are in any case not useable for steep
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slopes not only because of the geometrical assumptions
made in their derivation, but also because entrainment has
not been included.

It is useful to compare the result obtained by Britter and
Linden [1980] for starting plumes on steep slopes to that
presented here for more gradual slopes. Their result is

L@ sin B E + Cp\??

2(E + Cp) sin 8 (14)
where go'Q is the buoyancy flux per unit width, S; is a shape
factor defined by Ellison and Turner [1959], « is the ratio of
the speed at the level of the nose in the following flow to the
mean speed of the following flow, Cp is a drag coefficient,
and E is the entrainment rate in the following flow. Of these

parameters, E is the most sensitive to bottom slope. Bo
Pedersen [1980, p. 102] has suggested that

uo = (20'Q)"3S," |:cos B
o

E=Ksin B 13)
For small slopes E < Cp, and (14) reduces to
cosB asing|{ Cp \*?
= ] 1/3S 13 + 16
up = €'Q)"S - 2Cp sin B (16)

This equation has a much stronger dependence on slope than
indicated by the data and cannot be reduced to a form like
equation (10).

For steep slopes, E > Cp and substitution of (15) in (14)
yields

U = (2'Q)35," [cos B + i]Km an
a 2K
which shows the decreasing speed with increasing slope
indicated by the experiments for 8 > 30°, provided « and S,
remain essentially constant.
Equation (17) can be used as a rough test of the value of XK.
From Britter and Linden [1980, Figure 7], at B8 = 90°

1 K 1
2 oS, 14
with a = 1.2 [Britter and Linden, 1980] and S, = 0.7 [Ellison

and Turner, 1959], 0.055 < K < 0.086 which is close to the
value of 0.072 proposed by Bo Pedersen.

SUMMARY AND CONCLUSIONS

By extending Benjamin’s [1968] theory for inviscid, two-
dimensional gravity surge flow to the case of an inclined
bottom, and incorporating the effects of bottom friction in
the same fashion as was done by Benjamin, it has been
possible to reproduce the form of the slope dependence of
the frontal velocities of starting plumes shown by experi-
ments on inclines of less than 5° to 15°.

The theory is limited, however, by an indeterminate
parameter |x; — xi|/Hy in the final result (equation (9)).
Furthermore, the experimental results indicate that the value
of this parameter depends upon the properties of the flow
itself, such as the magnitude of the volume transport in the
following flow.

Hay: TurBIDITY SURGES IN SLOPING BotToM

An approximate form for the frontal velocity on steep
inclines is obtained by simplifying Britter and Linden’s
[1980] result by means of Bo Pedersen’s [1980] relation for
the entrainment rate, with which the data of Britter and
Linden [1980] appear to be consistent.

Acknowledgments. This work was supported by NSERC Strate-
gic Grant (Group) G0208 to my thesis supervisors R. W. Burling
(Departments of Oceanography and Physics) and J. W. Murray
(Departments of Oceanography and Geological Sciences) at the
University of British Columbia, where 1 was supported by a
MacMillan Family Scholarship and funds from NRC grant A0374 to
R. W. Burling and NRC grant A3542 to J. W. Murray. Newfound-
land Institute for Cold Ocean Science contribution 15.

REFERENCES

Beghin, P., E. J. Hopfinger, and R. E. Britter, Gravitational
convection from instantaneous sources on inclined boundaries, J.
Fluid Mech., 107, 407-422, 1981.

Benjamin, T. B., Gravity currents and related phenomena, J. Fluid
Mech., 31, 209-248, 1968.

Bo Pedersen, F., A Monograph on Turbulent Entrainment in Two-
Layer Stratified Flow, Technical University of Denmark, 392 pp.,
1980.

Britter, R. E., and P. F. Linden, The motion of the front of a gravity
current travelling down an incline, J. Fluid Mech., 99, 531-543,
1980.

Buser, O., and H. Frutiger, Observed maximum runout distances of
snow avalanches and the determination of the friction coeffi-
cients, J. Glaciol., 26, 121-130, 1980.

Ellison, T. H., and J. S. Turner, Turbulent entrainment in stratified
flows, J. Fluid Mech., 6, 423448, 1959.

Hay, A. E., Submarine channel formation and acoustic remote
sensing of suspended sediments and turbidity currents in Rupert
Inlet, B.C., Ph.D. thesis, Univ. of British Columbia, Vancouver,
1981.

Hay, A. E., R. W. Burling, and J. W. Murray, Remote acoustic
detection of a turbidity current surge, Science, 217, 833-835,
1982.

Heezen, B. C., Turbidity currents, in The Sea, vol. 3, edited by M.
N. Hill, pp. 742-775, John Wiley, New York, 1963.

Hopfinger, E. J., and J. C. Tochon-Danguy, A model study of
powder-snow avalanches, J. Glaciol., 19, 343-356, 1977.

Keulegan, G. H., An experimental study of the motion of saline
water from locks into freshwater channels, Rep. 5168, Nat. Bur.
Stand., Washington, D. C., 1957.

Keulegan, G. H., The motion of saline fronts in still water, Rep.
5381, Nat. Bur. of Stand., Washington, D. C., 1958.

Komar, P. D., Computer simulation of turbidity current flow and the
study of deep-sea channels and fan sedimentation, The Sea, vol.
6, pp. 603-622, John Wiley, New York, 1977.

Middleton, G. V., Experiments on density currents, 1, Motion of the
head, Can. J. Earth Sci., 3, 523-546, 1966.

Shwartz, J., W. van de Watering, L. Landa, and S. Reed, Jr.,
Hydrodynamic study of density surges and turbidity flows, Rep.
805-1, Hydronautics, Inc., Laurel, Md., 1973.

Simpson, J. E., Effects of the lower boundary on the head of a
gravity current, J. Fluid Mech., 53, 759-768, 1972.

Simpson, J. E., Gravity currents in the laboratory, atmosphere and
ocean, Ann. Rev. Fluid Mech., 14, 213-234, 1982.

von Kérman, T., The engineer grapples with nonlinear problems,
Bull. Am. Math. Soc., 46, 615, 1940.

(Received December 28, 1981;
revised July 6, 1982;
accepted August 9, 1982.)



