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Sound scattering by solid particles suspended in a turbulent jet is investigated. Measurements of the
scattered amplitude were made in a bistatic geometry at frequencies between 1.5 and 4.0 MHz, and
at scattering angles from 95° to 165° relative to the forward direction. Two types of particle were
used: nearly spherical lead-glass beads and aspherical natural sand grains. For each particle type,
experiments were carried out using �200 and �500 �m median diameter grain sizes,
corresponding to 0.7�ka�4. The sphericity of the sand grains, defined as the ratio of projected
perimeter size to projected area size, was 1.08. The lead-glass bead results are consistent with an
elastic sphere model. A rigid movable sphere model provides the best fit to the sand data, and the
best-fit diameter is within 4% of the equivalent volume size. However, the scattering pattern for
sand is systematically smoother than predicted: that is, the undulations in the angular scattering
pattern predicted by spherical scatterer theory are present, but muted. This observed departure from
spherical scatterer theory is attributed to disruption of the interference among creeping waves by the
irregular surfaces of natural sand grains.
© 2009 Acoustical Society of America. �DOI: 10.1121/1.3180696�
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I. INTRODUCTION

Acoustic remote sensing systems are becoming a pri-
mary tool for sediment dynamics research and sediment
transport monitoring in aqueous environments �see Ref. 1 for
a recent review�. The sound scattered from particles in sus-
pension can provide information on their velocity, size, and
concentration and thus, importantly, on the sediment flux.
Inverse methods for extracting the size and concentration
estimates, however, are dependent on a suitably accurate rep-
resentation of the scattering cross section which, for
randomly-oriented assemblages of irregularly shaped par-
ticles, is not readily amenable to calculation from first prin-
ciples. Thus, in the interpretation of scattering measurements
from suspensions of natural sand, the grains are assumed to
be spherical on average.

Previous experimental investigations have shown that a
modified spherical scatterer model can be used to represent
the total scattering and backscattering cross sections of sus-
pensions of natural sand.2–4 These results provide an ad-
equate basis for the inverse problem in dilute suspensions,
for which multiple scattering is unimportant. At concentra-
tions exceeding approximately 1% by volume, however,
multiple scattering effects cannot be ignored.5 Such concen-
trations are encountered in close proximity to the bed, and
become especially important in high energy �i.e., sheet flow�
conditions.6 Theoretical estimates of the effects of multiple
scattering on the detected signal necessarily require knowl-
edge of the dependence of single particle scattered energy on
scattering angle. However, no experimental evidence exists
to support the use of a spherical scatterer model at scattering
angles other than 0° and 180°.

This paper presents measurements of the variation with

scattering angle of the differential scattering cross section of
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solid particles in aqueous suspensions as a function of acous-
tic frequency and mean grain size. Both natural sand grains
and manufactured lead-glass beads are used in the experi-
ments. The observed cross sections are compared to predic-
tions based on spherical scatterer theory. The primary goals
of the paper are to determine the following: �1� whether a
spherical scatterer model provides a good fit to the angular
variation of sound scattered from irregularly shaped particles
like sand, �2� whether an elastic or a rigid sphere model
provides the better fit, and �3� whether the experiments pro-
vide physical grounds for seeking improvements to the
spherical scatterer approximation for natural sand grains.

The measurements were made for values of 0.7�ka
�4 �k being the acoustic wavenumber, a the scatterer ra-
dius�. This ka range is typical of acoustic remote sensing
studies of sand transport dynamics. As the lowest frequency
resonance for a quartz-like or glass-like sphere in water oc-
curs at ka�5.5,7 resonance scattering should be relatively
unimportant for ka�4. It is expected therefore that varia-
tions in scattered energy with scattering angle over the ka
range of the present measurements should be mainly due to
the effects of diffraction. Thus, the focus here is on O�1�
values of ka, and the effects of the irregular shapes of natural
sand grains on diffraction-induced features in the differential
scattering cross section.

II. THEORY

Since the waves scattered from individual particles em-
bedded in turbulence add incoherently on average, the aver-
age scattered intensity is proportional to the particle number
density, N. The ensemble mean-square scattered pressure,

2
�ps�, can then be written as �Ref. 8, pp. 438–441�
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�ps
2���� =

pi
2

r2 exp�− 2�0r + 	
0

r

N�r��sdr
	
V

N�s���dV ,

�1�

where � � denotes the ensemble average, pi the incident pres-
sure amplitude, �0 the attenuation in water, �s the total scat-
tering cross section, �s the differential scattering cross sec-
tion, and � the scattering angle. V is the detected volume,
assumed here to have characteristic dimensions small com-
pared to r, the radial distance from V to the receive trans-
ducer. As we are considering solid scatterers, it has been
assumed that the absorption cross section of the particles can
be ignored relative to �s. Note also that Eq. �1� applies to the
low scatterer concentrations for which multiple scattering is
unimportant.

Assuming that the detected volume changes very little
with scattering angle, and that �s��� is constant within V �the
validity of these assumptions is examined in Appendix A�,
then the ratio of the mean-square pressures at a given scat-
tering angle, �0, and at a reference scattering angle, �r, is

�ps
2��0��

�ps
2��r��

=
�s��0�
�s��r�

. �2�

The dependencies on incident pressure, particle concentra-
tion, and attenuation along the scattered path are thus elimi-
nated. Equation �2� provides the basis for the comparisons
between theory and experiment which are presented later in
this paper: the measurements yield the ratio on the left;
theory that on the right.

Ignoring thermal and viscous effects, the scattered pres-
sure, ps, for a plane-wave incident on a solid elastic sphere
can be written as a sum of partial scattered waves9 �p. 273�:

ps =
�pi�
kr

�
n=0

�

�2n + 1�in+1 sin 	ne−i	nPn�cos ��ei�kr−
t�, �3�

where 
 is the angular frequency, t is time, Pn is the Leg-
endre polynomial of order n, and 	n is the phase shift of the
nth partial wave.10 The amplitude of the scattered wave can
also be written in terms of the far-field form factor, f�, as

�ps� =
�pi��f��a

2r
, �4�

where f� is given by

f� =
2

ka
�
n=0

�

�2n + 1�in+1 sin 	ne−i	nPn�cos �� . �5�

Thus the differential scattering cross section, which is the
ratio of scattered power to incident intensity8 �p. 426�, is

�s =
�f��2a2

4
. �6�

The elastic properties of the scatterer enter the computations
through the phase shift. The expressions for the phase shift
used here are based on Eq. �30� in Ref. 10. Other than scat-
terer size and the incident wave frequency, the physical prop-

erties upon which the resulting phase shifts explicitly depend
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are the densities of, and compression wave speeds in, the
fluid medium and the solid scatterer, and the shear wave
speed in the scatterer.10,11 Thus, an error pointed out by
Hickling12 �see also Ref. 13� involving Poisson’s ratio does
not enter the computations. The relevant parameter values
used here are �=2650 kg /m3, cp=5100 m /s, and cs

=3200 m /s for quartz;7 �=2870 kg /m3, cp=4870 m /s, and
cs=2930 for lead-glass;14 and �=998 kg /m3, cp=1483 m /s
for water.15 The quartz values are used for the comparisons
of the theory with the measurements for sand. For the rigid
movable sphere case, the shear modulus is infinite, and com-
putations were made using the expressions for the phase
shifts in this limit.7,10

III. METHODS

A. Scattering

The jet tank facility in which the measurements were
made is a slightly modified version of that described
previously.16 A vertically-oriented turbulent jet and recircu-
lation system maintain a suspension of particles with a quasi-
steady mean concentration, except for a small ��15% � de-
crease with time over the course of an �40 min duration
experiment �see below�. Since the particles are spatially con-
fined within the jet, it is possible to carry out far-field scat-
tering experiments in a crossed-beam geometry without hav-
ing to correct for attenuation due to particles along the
incident and scattered paths �Fig. 1�. The modifications to the
facility involved: �a� adding a speed controller to the sedi-
ment circulation pump and �b� adding an insert to the dis-
charge orifice, thereby reducing the nozzle diameter. As a
result of the latter modification, the region of the jet in which
the scattering measurements were made was located at a
greater distance �measured in nozzle diameters� from the
point of discharge.

The suspension is discharged from a 0.95 cm diameter
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FIG. 1. Scale diagram of the scattering geometry in plan view. The jet axis
is into the page, and the jet location is indicated by the concentric grey
circles centred at the origin, with radii of �J and 2�J, respectively, where �J

is the standard deviation of the sediment concentration profile transverse to
the jet axis. T and R represent the transmit and receive transducers, and the
heavy black lines indicate the incident and scattered rays for a particle at the
jet centreline. The scattering angle for a particle at the centerline, �0, is also
shown and has a value of 120° in the diagram. The dashed lines represent
�5
0 �i.e., five times the transducer half-power beamwidth� at 2.9 MHz, to
illustrate the narrowness of the beams relative to the width of the jet.
circular nozzle, and recirculated by a variable-speed centrifu-
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gal pump. Two broadband transducers were positioned
52.8 cm below the nozzle and 45 cm from the jet centerline.
Particle concentrations at this height were determined gravi-
metrically from samples drawn by suction from the jet axis.
Centerline concentrations ranged from �1 to �6 kg /m3.
These concentrations are low enough �i.e., �0.3% by vol-
ume� that multiple scattering should have been negligible.
Prior to the experiments, the water in the tank had been aged
for several months to avoid contamination of the signal by
scattering from microbubbles. The absence of bubbles was
confirmed by checking that no detectable signal was received
from the range interval spanning the jet prior to the addition
of particles. To prevent any buildup of algae or dust within
the tank, the water was continuously filtered through a 1 �m
pore-size filter, and 200–300 ml of chlorine bleach were
added to the water approximately once a month.

To measure the scatterer concentration, 1 L samples
were drawn by suction from the jet centerline at the level of
the transducers. The samples were filtered �18.5 cm diameter
Q8 Fisher brand filters� and oven-dried at 40 °C for
24–48 h. The dry sand was removed from the filter and
weighed to 0.1 mg precision using a Mettler AJ100 balance.
This procedure was tested by filtering and drying 12 samples
with known initial weights of �5 g for 24, 47, 71, and 80 h.
Three samples were removed from the oven at each drying
time, and the final weights measured. The average difference
between initial and final weights was −0.17%, and ranged
between −0.08% and −0.23% for the four drying times. No
discernable trend with drying time was observed.

Three suction samples were drawn at the start and end of
each scattering experiment. Suspended sediment concentra-
tion, M, was determined from the dry weight of the sand and
the volume of water in the sample. The standard deviation of
M among the three samples as a percentage of the mean
ranged from 0.8% to 12.5%. A second set of triplicate
samples was drawn at the end of each experiment, i.e., ap-
proximately 40 min after the first set. Scatterer concentra-
tions decreased by 5%–15% over this time interval, because
particles inevitably escape from the jet: i.e., the capture
cone16 at the base of the tank is not 100% efficient. The
trends with scattering angle associated with this 5%–15%
drop in concentration were not removed from the observa-
tions.

The broadband piezocomposite transducers �Imasonic�
used in this study have a center frequency of 3.0 MHz. Mea-
surements were made between 1.5 and 4.0 MHz at
0.125 MHz intervals: i.e., at 21 separate frequencies. The
transmit pulse was produced by a programmable arbitrary
waveform generator �National Instruments 5411�. The trans-
mit pulse length was 16 �s, corresponding approximately to
a 0.0625 MHz energy bandwidth in the pulse, i.e., half the
0.125 MHz frequency interval between adjacent frequencies,
assuring negligible frequency overlap in the data at a given
scattering angle. This pulse length also corresponds to
1.2 cm resolution in range, which is much less than the 6 cm
characteristic width of the jet �see Fig. 1, and below�. Thus,
the signal at the range corresponding to the jet centerline is
representative of the more uniform mean concentration at

that location. The ping interval was 10 ms, long enough for
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echoes to die out at these frequencies. The receive signal,
after amplification and rectification, was digitized at 320 kHz
with 12-bit resolution. The signals from 10 pings were
ensemble-averaged and stored, and 100 ensemble-averaged
profiles were acquired at each frequency and angle.

The transducers were mounted equidistant from the jet
centerline in a bistatic configuration with their acoustic axes
in the same horizontal plane and intersecting at the jet cen-
terline �Fig. 1�. Each transducer was suspended from a rigid
arm which could be rotated in the horizontal plane about a
pivot point at the jet centerline. Measurements were made at
scattering angles from 95° to 165° in 5° increments, starting
at 165°. At the end of each experiment, a duplicate set of
measurements was collected at 165°. The resulting differ-
ences in signal amplitude were typically less than 5%, and
non-systematic.17

The discharge velocity at the nozzle was 4 m /s. Using
the nozzle diameter as a length scale, the discharge Reynolds
number was �3�104. The transducer beams intersected the
jet at an axial distance from the discharge of 55 nozzle di-
ameters. At this distance, time-averaged transverse profiles
of velocity and scalar quantities, including suspended sedi-
ment concentration, are expected to be Gaussian for turbu-
lent round jets.16,18 The square of the time-averaged scattered
signal provides a measure of concentration �Eq. �1��. Profiles
of the squared rms voltage for the large sand grains at �
=95° and 165° are shown in Fig. 2, together with the best-fit
Gaussians. Designating �J as the standard deviation of the
Gaussian fit, the characteristic width of the jet, 2�J, is 6.2 cm
at the 165° scattering angle. As the figure indicates, the pro-
file at 95° is much narrower. This reduction in apparent
width is a geometric effect, arising primarily from the re-
duced overlap of the transmit and receive transducer beam
patterns as the scattering angle approaches 90° �see Appen-
dix A�. Since the received voltage is proportional to the scat-
tered pressure, the peak value in the rms scattered voltage
profiles �i.e., the data, not the fit in Fig. 2� was used for the
left-hand side of Eq. �2� in the comparisons between theory
and experiment presented later.

As a quantitative measure of how well the various mod-
els fitted the data, the �2 statistic was computed. ��2 is one
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FIG. 2. Squared mean signal amplitude versus range for the large �approxi-
mately 500 �m median grain diameter� sand at scattering angles of 95° and
165°. The lines are the best-fit Gaussians, with standard deviations of 0.96
and 3.10 cm, respectively.
minus the error variance skill score defined in Ref. 19.� For
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observations, X, and predictions, Y, both of which are func-
tions of frequency and scattering angle, this statistic is given
by

�2 =
Var�X − Y�

Var�X�
, �7�

where Var denotes the variance with respect to the mean over
all values in the �� , f� domain spanned by the observations.
Since this statistic is normalized by the variance of the ob-
servations, differences in �2 values provide unbiased mea-
sures of the relative predictive skill of different models. The
theoretical prediction with the smallest value of �2 represents
the best fit. In addition, the correlation coefficient, R2, be-
tween the values of X and Y with means removed, and the
rms deviation �=
Var�X−Y�, also with means removed,
were computed for each set of observations and correspond-
ing best-fit theory.

B. Particle size

For both the lead-glass beads and sand two sizes were
used: one with a median diameter of �200 �m and the other
�500 �m, referred to hereinafter as the “small” and “large”
particles. The sand used was first sieved into narrow
�1 /4-phi� fractions. �The phi-scale is given by −log2 d, with
d the particle diameter in millimeters.� The sand retained
between the 180 and 212 �m sieves is the small sand, while
the large sand was that retained between the 425 and
500 �m sieves. High resolution sand size distributions were
determined via electroresistance �Coulter Counter� and im-
age analysis using the sand from the suction samples drawn
from the jet. The lead-glass beads were ordered from the
manufacturer in relatively narrow size distributions. High
resolution size distributions for the lead-glass beads were
obtained by Coulter Counter using the suction samples taken
from the jet. The image analysis methodology could not be
applied to these particles because they are transparent.

For the sieve analyses, samples weighing 10–15 g were
shaken in a stack of 20 cm diameter sieves for 15 min fol-
lowing accepted procedures.20 National Institute of Stan-
dards and Technology �NIST� 1017b and 1018b glass beads
were used to calibrate the sieves.

For the Coulter Counter measurements, roughly 0.5 g of
particles from the jet suction samples were suspended in a
4 L beaker containing a solution of 64% de-ionized distilled
water, 35% glycerine, and 1% sodium chloride. The Coulter
Counter �model Multisizer II� was used with a 1000 �m di-
ameter aperture. Between 5000 and 10 000 particles were
counted in each run. Two separate runs were averaged for

1 mma. b. 1 mm
FIG. 3. Photographs of �a� the small and �b� the large sand grains.
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each particle type, yielding distributions of the �volume�
equivalent spherical diameter.21 The Coulter Counter size es-
timates are designated by dc.

Size determination by image analysis was based on
3872�2592 pixel photographs of the particles resting on a
flat surface taken with a Nikon D80 digital single-lens reflex
camera equipped with a 60 mm focal length macro lens. Ex-
ample images of the small and the large sand grains are
shown in Fig. 3. Particle boundaries were determined using
an edge detection method based on a pixel brightness thresh-
old. Equivalent diameters corresponding to the equal pro-
jected area sphere, da, were determined from the area en-
closed by each boundary and the equal projected perimeter
sphere, dp, from the perimeter of the enclosed area. The ratio
dp /da for each particle, averaged over a large number of
particles, is approximately equivalent to averaging over par-
ticle orientation. This average, �dp /da�, provides a measure
of particle sphericity. Photographs of nominally spherical
�black� basalt beads of comparable size were analyzed using
the same approach to validate the method.

The Coulter Counter and image analysis size distribu-
tions are used for the comparisons between theory and ex-
periment because �1� being based on the samples drawn from
the jet centerline, they are representative of the actual size
distributions of the scatterers in the jet, and �2� they resolve
the distributions within each 1 /4-phi sieve fraction.

IV. RESULTS

A. Particle size

The size distributions for the small and large sand, as
measured with the Coulter Counter, are shown in Fig. 4.
Both distributions are nearly Gaussian. Table I lists d16, d50,
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FIG. 4. Size distributions determined by Coulter Counter and image analy-
sis for �a� the small sand �approximately 200 �m median grain diameter�
and �b� the large sand �approximately 500 �m median grain diameter�. The
symbols in the legend indicate the different diameter estimates, as follows:
dc, the Coulter Counter diameter; da, diameter based on the projected area;
and dp, diameter based on projected perimeter. The da and dp estimates were
determined by image analysis. Points represent data and lines represent the
best-fit Gaussian distributions.

TABLE I. Coulter Counter size distribution statistics.

Particle
d16

��m�
d50

��m�
d84

��m�

Small sand 196 211 227
Large sand 476 502 532
Small beads 182 212 242
Large beads 384 424 471
Moore and A. E. Hay: Angular scattering from solid particles 1049 A
u

th
o



r'
s 

co
m

p
lim

en
ta

ry
 c

o
p

y

and d84 for both the sand and the lead-glass beads. These
diameters represent to the 16th, 50th, and 84th percentiles of
the cumulative distribution, and correspond to the mean and
one standard deviation below and above the mean for a
Gaussian distribution.

The sand size distributions determined by image analy-
sis are also plotted in Fig. 4, and the statistics summarized in
Table II. The average value of dp /da for both sand sizes was
1.08�0.03. The same analysis for the nominally spherical
basalt beads yielded 1.02�0.009 and 1.04�0.006 for the
small and large bead sizes, respectively. As a further com-
parison, averaging over the projections of all possible orien-
tations of a unit cube in a simulation gave �dp /da��1.4. The
latter value is larger than the 1.08 measurement for sand,
indicating that the sand grains used in the experiments were
less angular than cubes, consistent with their somewhat
rounded appearance �Fig. 3�.

As expected for non-spherical particles, the size distri-
butions for sand obtained with the various methods differ
noticeably. The ratios of mean Coulter Counter size to mean
projected area size, dc /da, are 0.80 for the small sand and
0.84 for the large sand. Some of the difference between these
two measures of size can be attributed to biases intrinsic to
the different techniques. For comparison, other
investigators22 have found that, for a unimodal distribution
of 300–500 �m sieve diameter “spherical” and “nearly
spherical” standard reference glass beads, the average value
of dc /da was 0.86, similar to the values obtained here.

B. Scattering results

The observed and best-fit theoretical angular scattering
patterns for the small lead-glass beads and small sand are
shown in Fig. 5. The data for lead-glass are the average of
three experiments, those for sand the average of two. The
corresponding results for the large particles are presented in
Fig. 6, the data being the average of three experiments for
both particle types. All scattered amplitudes have been nor-
malized by the values at 165°: i.e., in Eq. �2�, �r=165°.

The normalized theoretical scattered amplitude, Y, is
given by

Y =

�0

��f���,a��2a2n�a�da


�0
��f��165 ° ,a��2a2n�a�da

, �8�

where n�a� is the particle size probability density. Y was
computed for a range of mean diameters in steps of 10 �m

TABLE II. Image analysis size distribution statistics. N is the number of
analyzed particles while d and � are the distribution mean and standard
deviation. Subscripts a and p denote parameters from projected area and
projected perimeter, respectively.

Particle N
da��a

��m�
dp��p

��m� dp /da�a

Small sand 999 245�21 265�26 1.08�0.03
Large sand 582 569�44 618�55 1.08�0.03
Small basalt 442 188�10 193�11 1.024�0.009
Large basalt 176 455�24 475�26 1.044�0.006
using Gaussian size distributions with the same breadth-to-
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mean diameter ratios �i.e., � /d50� as the Coulter Counter
results. For each particle type, the mean diameter and model
�rigid or elastic sphere� yielding the minimum value of �2

were deemed the best fit.
The �2 values corresponding to the best-fit models for

the different particle types are plotted in Fig. 7 versus d /d*,
where d is the theoretical mean diameter, and d* is the best-
fit theoretical mean. The minimum values of �2 �i.e., the
values at d=d*� for the best-fit models in each case are listed
in Table III, together with the corresponding values of � and
R2. In all cases, the best-fit diameter, d*, is very close to the
median Coulter Counter size. The minima in Fig. 7 tend to
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be more pronounced for the small and large sand, due to their
size distributions being relatively narrow compared to those
of the lead-glass beads and the unsieved sand �Table III�.

Over the measured frequency range, the values of d*
correspond to ka* ranges of 0.66–1.76 for the small lead-
glass beads, and 0.69–1.84 for the small sand. In contrast, the
ranges for the large particles are 1.32�ka*�3.52 for lead-
glass and 1.63�ka*�4.36 for sand. For quartz-like and/or
glass-like particles, the rigid and elastic sphere model predic-
tions differ by less than 7% for ka�1, whereas for 1�ka
�4 they differ by as much as 30%. Thus, the effects of the
scatterer elastic constants on the predictions are much greater
at the higher ka values corresponding to the larger particles.
This is reflected by the greater differences in �2 between the
two models for the large particles, compared to the corre-
sponding differences for the small particles �Table IV�. Con-
sequently, the present results demonstrate that �1� the elastic
model provides the better fit to the lead-glass bead data and
�2� the rigid model the better fit to the sand data.

For the most part, the observed and predicted surfaces in
Figs. 5 and 6 exhibit good qualitative and quantitative agree-
ment. For sand, however, while the overall shapes of the
experimental and theoretical scattering patterns are similar,
the ridges and valleys in the observed patterns are less pro-
nounced than the predictions. This effect, which is clearest in
the results for large sand grains �Figs. 6�c� and 6�d��, con-
tributes to the systematically higher values of �2 for sand
compared to lead-glass.

The large bead and sand data are plotted versus scatter-
ing angle for three frequencies in Fig. 8, together with the
predictions from the best-fit rigid and elastic sphere models.

0.8 0.9 1 1.1 1.2
0

0.5

1

1.5

2

d / d
*

γ
2

small beads
large beads
small sand
large sand
unsieved small sand

FIG. 7. The values of �2 for the best-fit models versus the ratio of theoret-
ical mean diameter, d, to the best-fit theoretical mean diameter, d

*
, for all

scatterer types.

TABLE III. Summary statistics for the best-fit mod
�from Coulter Counter analysis except for the “unsiev
convenience.

Scatterer
d50

��m�
�d84−d16� /2

��m� Mo

Small beads 212 30 ela
Large beads 424 44 ela
Small sand 211 16 rig
Large sand 502 28 rig
Unsieved sand 203 62 rig
J. Acoust. Soc. Am., Vol. 126, No. 3, September 2009 S. A.
Also shown are the predictions of the high-pass model. This
model was originally put forward by Johnson23 for backscat-
ter from a fluid sphere, and later modified for total scattering
from sand grains.2 The latter study also suggested a form of
the high-pass model for angular scattering, but with no sup-
porting observational evidence, as none was available at the
time. Figure 8 indicates that the elastic sphere model best
reproduces the measured values for the lead-glass beads,
whereas the rigid sphere model best reproduces the large
sand data. In addition, the results in Fig. 8 demonstrate that
the high-pass model does an unacceptable job of reproducing
the observations for either scatterer type.

Additional scattering measurements were carried out
with unsieved small sand: that is, the small sand before it
was sieved into 1 /4-phi size fractions. The values of �2 from
the best-fit theory to the data are plotted versus d /d* in Fig.
7. The overall best-fit parameters are summarized in Table
III. As for the narrow sand fractions, the best-fit model for
these sand data is the rigid sphere. The fit yielded a minimum
�2 value of 0.26, comparable to the 0.30 value for the large
sand.

V. DISCUSSION

A. The effects of irregular particle shape: Diffraction
smearing

Overall, the best agreement between measured and pre-
dicted scattering was obtained for the large lead-glass beads
and the elastic sphere model, yielding a minimum value of
�2 of 0.06 �Table IV�. For comparison, the minimum �2

value for the large sand and the rigid sphere model was 0.30.
It is concluded that, for the ka range of the present measure-
ments, a rigid sphere is not as good a model for scattering by
natural sand grains as is the elastic sphere model for the
lead-glass beads. The likely cause of this difference is the
irregular shape of the sand grains.

the angular scattering data. Particle size statistics
and, which are from sieve analysis� are included for

d
*

��m� � R2 �2 d
*

/d50

210 0.09 0.95 0.11 0.99
420 0.10 0.97 0.06 0.99
220 0.18 0.91 0.73 1.04
520 0.08 0.92 0.30 1.04
190 0.08 0.86 0.26 0.94

TABLE IV. The values of �2 computed for the elastic and rigid sphere
models using d

*
as the theoretical mean diameter.

Scatterer
d

*
��m�

�2

�elastic�
�2

�rigid�

Small beads 210 0.11 0.12
Large beads 420 0.06 0.19
Small sand 220 1.01 0.73
Large sand 520 0.71 0.30
els to
ed” s

del

stic
stic
id
id
id
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For a plane-wave incident on a sphere, the diffraction
pattern is due to interference between the incident wave field
and energy leaked by creeping waves traveling along geode-
sics on the surface of the sphere.24–26 For an irregularly
shaped particle, the creeping wave circuits will not be of
equal length, and the constant phase relationships required
for interference will be disrupted. Thus, as with the lack of
resonant features in backscattering and total scattering cross
section measurements for sand at higher values of ka,3,4,16

the diffraction pattern for a suspension of randomly-oriented
sand grains should be a blurred version of that for a smooth
sphere. To mimic the smearing effect, we tried smoothing the
best-fit predictions along the �-axis using a Gaussian weight-
ing function with a standard deviation of 5°. For the smear-
ing mechanism to be consistent, smoothing the theory in this
way should lead to improved agreement, and indeed does.
For large sand, the smoothed theory led to a reduction in �2

from 0.30 to 0.21.

B. Effective particle size

Thorne and Buckingham4 showed that measurements of
the backscattering and total scattering cross sections for sand
in aqueous suspensions can be collapsed onto smoothed ver-
sions of the predictions for a sphere, using non-linear scaling
with a single free parameter. However, the value of the scal-
ing parameter differed among the available data sets, and
varied systematically with particle size �by almost a factor of
2� for some of the total scattering cross section measure-
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FIG. 8. Measured and predicted scattered amplitudes at three frequencie
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plots for the small particles are presented and discussed in Appendix B.
ments.
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In principle, there are two independent particle size
scales involved when comparing measurements of scattering
from particulate suspensions with narrow size distributions
to spherical scatterer theory. One scale is the circumference
of an equivalent sphere to scale the wavelength, yielding ka
for the scattering computations. The second scale is the di-
ameter of the equal volume sphere for converting particle
mass concentration, M, to particle number density, N: that is,
�sN=M /vp, where �s is the grain density and vp is the par-
ticle volume. M is measured �gravimetrically here, using the
suction samples�, but N is required in the theory �see Eq.
�1��. For irregularly shaped scatterers, there is no reason to
expect, a priori, that the two scales should be the same.

Schaafsma and Hay3 found that measurements of acous-
tic attenuation in aqueous suspensions of natural sand could
be brought into agreement with rigid sphere theory using a
two-parameter approach. Their scaling is linear: that is, the
scaled diameter is given by Bd, where d is the measured
diameter and B is one of the parameters. The values obtained
for the wavelength scaling parameter were relatively con-
stant. In contrast, the volume scaling parameter varied with
mean size in a manner consistent with the fact that the par-
ticles tended to be less rounded and more angular with de-
creasing size. It is convenient here to designate the two pa-
rameters as B� and BN, the subscripts denoting their
respective physical roles.

Because normalizing the scattered amplitudes eliminates
the dependence on scatterer concentration �see Eq. �2��, the
results presented here should depend on B� only. Thus, it is
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mean size, i.e., B�, is within 4% of unity for the Coulter
Counter measured mean sizes �Table III�. Since the Coulter
Counter method yields a volume equivalent size, and since
BN should be identical to unity for volume-based size mea-
surements, an implication is that the two linear scaling pa-
rameters could be reduced to one when the measured size is
based on particle volume, at least for the ka range of the
present data, and for sand grains of comparable sphericity.

For the unsieved sand, the best-fit acoustic size differed
from the measured median diameter by only 6% �Table III�,
but the measured size in this case was obtained by sieving.
Given the greater breadth of the size distribution for the un-
sieved sand, this result might suggest that, for the broader
distributions more likely to be encountered in natural envi-
ronments, sieve size could be used instead of Coulter
Counter size. However, as particle volume is proportional to
d3, an error of 5%–10% in size would lead to an error of
15%–30% in number density N, which might not be accept-
able.

VI. SUMMARY AND CONCLUSIONS

The angular dependence of sound scattering from par-
ticles suspended in a turbulent jet has been investigated. The
measurements were made from 1.5 to 4.0 MHz with
125 kHz resolution, at scattering angles ranging from 95° to
165°, for suspensions of both nominally spherical lead-glass
beads and natural sand. Two narrow size fractions for each of
the beads and sand were used: one with a nominal mean
diameter of �200 �m and the other, �500 �m. Particle size
was determined by Coulter Counter for both particle types.
Optical image analysis was used to quantify the irregularity
of the sand grain shapes. While the transparency of lead-
glass precluded the use of the image analysis method for the
beads, their shapes had been examined previously by scan-
ning electron microscopy.3 The size distributions were nomi-
nally Gaussian for all particles, and especially so for the
small and large sand size fractions. The sphericity of the sand
grains, defined as the ratio of projected perimeter size to
projected area size, was 1.08�0.03. The scattering measure-
ments were made at non-dimensional wavenumbers of 0.7
�ka*�1.8 for the small lead-glass beads and 1.3�ka*
�3.5 for the large beads, and at 0.7�ka*�1.8 and at 1.6
�ka*�4.4 for the small and large sand size fractions re-
spectively.

Theoretical angular scattering patterns were computed
for both rigid movable and elastic movable spheres assuming
Gaussian size distributions with the same breadth-to-mean
diameter ratios as the measured distributions. Effective
acoustic mean diameters were determined by least-squares
fitting the experimental results to the predicted scattering
patterns, resulting in an overall best-fit mean diameter �d*�
and overall best-fit model �rigid or elastic� for each scatterer
type and size fraction. Consistent with previous measure-
ments of the backscattering and total scattering cross sec-
tions for glass bead and natural sand particles in suspension,

the elastic sphere model provided the best fit to the lead-

J. Acoust. Soc. Am., Vol. 126, No. 3, September 2009 S. A.
glass bead data; the rigid sphere model provided the best fit
for sand. The modified high-pass model2 does not fit the
data, except at the smallest values of ka.

For each particle type and each size fraction, the best-fit
mean diameter was very close to the Coulter Counter value:
within 1% for the lead-glass beads and within 4% for the
sand. Since the possible error in the Coulter Counter mea-
surements is a few percent at least,21,27 these values are prob-
ably not significantly different from zero. Since particle size
measured by the Coulter Counter should be close to the di-
ameter of a sphere of equal volume, the results for the nomi-
nally spherical lead-glass beads are expected. The results for
sand indicate that the diameter of an equal volume sphere
can be used to scale the acoustic wavenumber, at least over
the ka range of the present measurements and for sand grains
with sphericity comparable to the sand used here. This result
has potential implications for inverting acoustic scattering
data to suspended sand size and concentration.

The lead-glass bead data are in better agreement with the
elastic sphere model than are the sand data with the predic-
tions for a rigid sphere. Since the measurements were made
at ka values below the resonances for quartz spheres, but
well above the Rayleigh range, the departures from spherical
scatterer theory for sand must be related to diffraction and
must involve sand grain shape. The authors conclude that the
irregular shapes of natural sand grains partially disrupt the
creeping wave interferences responsible for the diffraction
pattern for a smooth sphere. As a result, the diffraction-
induced undulations in the scattering pattern are smoother
than predicted by spherical scatterer theory. One implication
of this result is that it provides justification for smoothing the
scattering cross sections predicted by spherical scatterer
theory in the so-called diffraction region of ka-space, even
for suspensions of sand grains with very narrow size distri-
butions.
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APPENDIX A: BISTATIC SCATTERING FROM
ISOTROPIC, FREQUENCY-INDEPENDENT
SCATTERERS IN THE JET

The purposes of this Appendix are �1� to verify that the
change in detected volume with scattering angle is small, an
assumption made in obtaining Eq. �2�; and �2� to explain the
change in apparent jet width with scattering angle indicated
in Fig. 2. To do so, the angular dependence of scattering
from the jet is investigated assuming the scattering cross sec-
tion to be independent of frequency and scattering angle. The
predicted variations with scattering angle will thus be en-
tirely due to geometric effects, and the sole source of fre-
quency variation will be the transducer beam patterns. The

coordinate system is sketched in Fig. 9. The axis of the jet is

Moore and A. E. Hay: Angular scattering from solid particles 1053 A
u

th
o



r'
s 

co
m

p
lim

en
ta

ry
 c

o
p

y

anti-parallel to the positive x-axis, and the origin is the mid-
point between the two transducers, each located at y= �L in
the x=0 plane.

Scattered signals from different particles arrive at the
receiver at the same time �i.e., within a wave period� if

r1 + r2 = 2r0 �A1�

This relation defines an ellipsoidal surface centered on the
origin with its axis of symmetry coincident with the y-axis.

Consider any field point with position vector P=xî+y ĵ+zk̂
that satisfies Eq. �A1�. In spherical polar coordinates, x
= P sin � cos �, y= P sin � sin �, and z= P cos � ,� being
the polar angle and � the azimuthal angle. Thus, r1=P−L
and r2=P+L, where L=Lĵ. It follows that

r2
2 − r1

2 = 4Ly , �A2�

and

P = � r1
2 + r2

2

2
− L2
1/2

�A3�

Equations �A1� and �A2� yield

r1 = r0 −
L

r0
y �A4�

and

r2 = r0 +
L

r0
y . �A5�

Using the relation r0 ·r=r0r cos 
, the angle of the field point
relative to the acoustic axis of the transducer at y=L is given
by

cos 
1 =
r0z cos �0 − L�y − L�

�x2 + �y − L�2 + z2�1/2�L2 + r0
2 cos2 �0�1/2 �A6�

and that relative to the axis of the transducer at y=−L by

cos 
2 =
r0z cos �0 + L�y + L�

�x2 + �y + L�2 + z2�1/2�L2 + r0
2 cos2 �0�1/2 , �A7�

where 2�0 is the angle subtended at the jet centerline by the
transducer baseline, and is related to the scattering angle �0

L−L

jet axis

P

Γ
0

r
0

r
2

r
1

y

z

φ

β
1

β
2

FIG. 9. Sketch of bistatic scattering geometry. The transducers are located at
y= �L. The x-axis �not shown� is out of the page and anti-parallel to the
axis of the jet �indicated by the circle�.
by 2�0=�−�0.
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The radial distance to the field point from the jet center-
line is

� = �y2 + �z − r0 cos �0�2�1/2. �A8�

Let �J0 be the jet standard deviation at x=0 and x* the dis-
tance from the nozzle to the plane of the transducers. Then
�J=�J0�x*−x� /x* accounts for the linear spreading of the jet
with downstream distance, and

N�x,y,z� =
x*N0

x* − x
exp��2/2�J

2� �A9�

is the number density of scatterers. N decays hyperbolically
with distance from the nozzle, as required for round jets.

For omnidirectional scatterers with scattering cross sec-
tions independent of frequency, the mean-squared scattered
pressure is then proportional to

	 	 D1
2�
1�
r1

2

D2
2�
2�
r2

2 NP2 sin �d�d� , �A10�

where D�
� is the transducer directivity. The theoretical di-
rectivity for a circular piston transducer is given by28

D�
� = 2J1�ka0 sin 
�/ka0 sin 
 , �A11�

J1 being a cylindrical Bessel function. Figure 10 shows the
measured beam patterns for both transducers compared to
Eq. �A11�. The measurements were made using a standard
target located at the jet axis, by rotating one transducer about
a vertical axis while the other remained fixed. The standard
target was a 1 m long, 0.236 mm diameter stainless steel rod,
suspended vertically below the nozzle. Scattering of spheri-
cal waves by long cylinders and their use as standard targets
has been discussed elsewhere.29,30 In the figure, the compari-
son between theory and experiment is quite good, although
the value of 0.75 cm used for a0 in the calculation is 15%
larger than the manufacturer’s specified radius for the active
element in the transducer. Based on Eq. �A11� with a0

=0.75 cm, the full width at half maximum �FWHM� of D2,
i.e., the beamwidth of one transducer, is 2°, and of D1

2D2
2 is

1.4°. This angular FWHM corresponds to an arc length of
1.1 cm at 45 cm range, which is much less than the 6 cm
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FIG. 10. Measured transducer directivity at 2.9 MHz for the transmit, DT,
and receive, DR, transducers compared to Eq. �A11� �a0=0.75 cm�. 
 is the
angle of the field point relative to the acoustic axis �see Fig. 9�.
�2�J0� characteristic width of the jet �see Fig. 1�.
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The resulting theoretical profiles of the mean square
scattered signal levels from Eq. �A10� are plotted in Fig.
11�a� for scattering angles of 165° and 95°. D was computed
using Eq. �A11� with a0=0.75 cm. The integration was car-
ried out for values of x and y ranging between �3�J0. The
solid lines are the Gaussian fits to the predicted points, after
convolution with a boxcar function of length equal to the
1.2 cm pulse length �i.e., c� /2, � being the 16 �s pulse du-
ration�. The pulse length is short enough that the convolution
has a noticeable effect only for the narrow profile at 95°.
Comparing Fig. 11�a� with Fig. 2, the predicted reduction in
apparent jet width with decreasing scattering angle �from
3.0 to 0.97 cm� is nearly identical to that observed �from
3.1 cm to 0.96 cm�. As indicated earlier, this reduction in ap-
parent width is due physically to the reduced overlap area
between the transmit and receive beams as the scattering
angle approaches 90°.

Figure 11�b� shows the scattering pattern obtained using
Eq. �A10�, normalized by the values at �0=165°. Rather than
a scattering amplitude independent of scattering angle, as
would be expected for isotropic scatterers, the theory pre-
dicts a geometry-induced bias in the observed scattering pat-
terns. The value of �2 represented by the bias is 0.0049,
small compared to those in Table IV. Because the bias is
relatively small ��15% �, no correction has been applied to
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FIG. 11. �a� Theoretical profiles of mean-square scattered signal level at
scattering angles of 95° and 165° assuming isotropic, frequency-
independent scatterers suspended in the jet. Points are the predictions from
Eq. �A10� with �J0=3 cm in Eq. �A9�. Solid curves are the Gaussian fits to
these points, after convolution with a constant-amplitude transmit pulse of
length c� /2=1.2 cm. �b� Theoretical scattering pattern for isotropic,
frequency-independent scatterers in the jet, normalized by the values at �0

=165°.
the data.
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Finally, the scattering angle clearly changes with posi-
tion in the jet. This variation, ��0, was computed using the
above equations for r1+r2=90 cm: i.e., for the ellipsoidal
surface tangent to the jet centerline. For points with
10 log�D1

2D2
2��−6 dB, the computed values of ��0 were

0.1° or less for all measured frequencies and scattering
angles. Thus, departures from �0 due to the finite size of the
detected volume should have been negligible.

APPENDIX B: SMALL SCATTERERS REVISITED

The plots equivalent to those in Fig. 8, but for the
�200 �m diameter particles, are shown in Fig. 12. There are
three main points to note about Fig. 12 in comparison to
Fig. 8.

The first is that there is very little difference between the
predictions of the elastic and rigid models. This is expected
because, for ka*�1.6, the scattered amplitude is dominated
by the n=0 and n=1 partial waves, and the amplitudes of
these waves are relatively insensitive to the shear wave
speed, at least for particles with the density of quartz or
lead-glass suspended in water.

The second point to note is that the modified high-pass
model, while agreeing with the data at low frequencies, pro-
vides progressively worse agreement as frequency increases.
The good agreement at 1.5 MHz is expected, since ka*�1,
and the modified high-pass model is exact in the Rayleigh
region. The relatively poor agreement with the high-pass
model at 3.5 MHz is consistent with the results for the large
particles in Fig. 8.

The third point of note is the relatively good agreement
between the data and spherical scatterer theory in eight of the
nine panels. The exception is panel f, the small sand at
3.5 MHz: the elastic and/or rigid models exhibit trends simi-
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FIG. 12. Measured and predicted scattered amplitudes at three frequencies
for suspensions of ��a�–�c�� small lead-glass beads, ��d�–�f�� small sieved
sand, and ��g�–�i�� small unsieved sand, normalized to �0=165°. Error bars
indicate � the standard error for the small lead-glass beads and small sieved
sand. Only one experiment was run with the unsieved sand, so no error
estimates are available for this case.
lar to the data, but the data are systematically lower. This
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disagreement is consistent with the best-fit value of �2 being
larger for the small sand �Fig. 7�. In contrast, the unsieved
small sand agrees comparatively well with the model predic-
tions, suggesting that spherical scatter theory ought to pro-
vide a good fit to the small sieved sand data. In addition,
much better agreement between theory and experiment is
exhibited by the large sand data at the same value of ka*
�Fig. 8�d��. Thus, the only explanation the authors have for
the relatively poor quantitative agreement between theory
and the sieved small sand data is that these data are in error,
but we have been unable as yet to identify the cause.
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